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Abstract
We discuss Gubser-Klebanov-Polyakov proposal for the gauge/string theory corre-
spondence for gauge theories in curved space. Specifically, we consider Klebanov-
Tseytlin cascading gauge theory compactified on S3. We explain regime when this
gauge theory is a small deformation of the superconformal N = 1 gauge theory on the
world volume of regular D3-branes at the tip of the conifold. We study closed string
states on the leading Regge trajectory in this background, and attempt to identify the
dual gauge theory twist two operators.
November 2002
1 Introduction
Probably the most intriguing aspect of the gauge theory/string theory duality [1–3] (see
[4] for a review) is the fact that it provides a dynamical principle for the nonperturbative
definition of string theory in the asymptotically Anti de Sitter spacetime where there
is no notion of an S-matrix1. It thus appear promising that this dual “definition” of
string theory (in terms of certain non-gravitational gauge theory) will be useful for
formulating string theory in cosmologically relevant backgrounds2. Following on ideas
of constructing the supergravity dual to gauge theories in curved space-time [8], it was
proposed in [9, 10] that certain gravitating de Sitter backgrounds of string theory are
dual to gauge theories formulated in classical, non-gravitational de Sitter space-time.
Most work on the Maldacena proposal3, including the specific computations in
[8–10], dealt with the supergravity limit (corresponding to the one-loop approximation
of the sigma model) of the gauge/string theory correspondence. It has been recently
explained in [2, 3] how to identify string states in the dual gauge theory. Specifically,
it has been argued in [3] (GKP) that certain N = 4 supersymmetric SU(N) gauge
theory states with large quantum numbers are described by solitons of the nonlinear
sigma model in AdS5×S5. Motivated mainly by the potential application of the defor-
mations of gauge/string theory correspondence, where the gauge theory is formulated
in curved space-time toward observable cosmology, in this paper we attempt to extend
analysis of [3] for (static) deformations of [8]. More precisely, we study4 closed string
states on the leading Regge trajectory in the supergravity background [8], dual to the
Klebanov-Tseytlin (KT) cascading gauge theory [12], formulated in R × S3. Some-
what surprisingly, in the regime where we can trust both the gauge theory and the
sigma model analysis, we find that natural candidate dual twist two operators of the
gauge theory have subleading correction to the anomalous dimensions different from
the corresponding correction to the energy of the highly excited closed string states.
The paper is organized as follows. In the next section we briefly review the corre-
spondence of [3] and explain, from the gauge theory perspective, why the KT gauge
theory in R × S3 is a natural (and computationally controllable) deformation of the
1This is emphasized in particular in [5].
2Problems of defining S-matrix in backgrounds with observer dependent horizons are discussed
in [5–7].
3See citation to [1].
4GKP proposal for nonconformal gauge/string theory correspondence has been discussed in [11].
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GKP computation where one breaks the conformal invariance. We perform the compu-
tation of the anomalous dimension of certain twist two operators in this gauge theory
near the infrared conformal fixed point. These are the operators analogous to the ones
identified in [3] as the gauge theory dual to highly excited (“long”) strings on the lead-
ing Regge trajectory in AdS5. In section 3 we review and clarify the dual supergravity
background originally constructed in [8]. We then study closed strings spinning in this
background, and find a discrepancy with the gauge theory computation of section 2.
The disagreement (at the technical level) can be traced back to the fact (mentioned
in [8]) that the leading correction to the global AdS5 × T 1,1 background due to the
3-form flux does not have the precise asymptotics of the extremal Klebanov-Tseytlin
background. We do not have a physical understanding of the discrepancy at this stage.
We comment on the difficulties of establishing gauge/string correspondence for the KT
gauge theory in the far ultraviolet, where it is also believed to be almost conformal.
Since the bulk of the paper is rather technical, in section 4 we summarize the main
logical steps, avoiding formulas, leading to the puzzle.
2 The gauge theory story
The original Maldacena correspondence [1] relatesN = 4 SU(N) superconformal Yang-
Mills theory in four dimensional Minkowski space-time and type IIB string theory in
AdS5 × S5. The gauge theory description is valid for small ’t Hooft coupling λ ≡
g2YMN ≪ 1, while the dual supergravity has small curvatures in the opposite regime
λ≫ 1. The main challenge in extending the correspondence beyond the supergravity
approximation comes from the fact that anomalous dimensions of the gauge theory
operators dual to excited string states (rather than to the supergravity modes) are
generically expected to grow as λ1/4 [13,14], and thus appear to be beyond the grasp of
the perturbative gauge theory analysis in the regime of the validity of the supergravity
approximation.
2.1 GKP proposal
In [3], Gubser, Klebanov and Polyakov considered twist two operators in N = 4 SYM.
In the free field theory these are the operators with the lowest conformal dimension for
a given spin n, for example,
O(µ1···µn) = TrΦI∇(µ1 · · ·∇µn)|ΦI , (1)
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where ΦI are the N = 4 scalars, and the symmetrization (· · · )| denotes also a removal
of traces. The gauge covariant derivative is ∇µ ≡ ∂µ + igYMAµ. Classically, the
operator O(µ1···µn) has dimension △On = n+ 2, hence twist 2. In is expected [15], that
the leading term in the anomalous dimensions of operators such as (1) grows as lnn
(exactly as a one-loop perturbative correction!) to all orders in perturbation theory
and also non-perturbatively. Thus, one expects that in the full interacting gauge theory
△On − (n+ 2) = f(λ) lnn+ o(lnn) , (2)
where f(λ) is a certain function of the ’t Hooft coupling, which has perturbative SYM
expansion
f(λ) = a1λ+ a2λ
2 + · · · , (λ≪ 1) . (3)
Notice that, provided (2) is correct, the anomalous dimension of operators On is small
compare to the classical one, in the limit n→∞
△On − (n+ 2)
n
→ 0 . (4)
GKP proposed [3] that such operators in the dual supergravity picture are described by
folded macroscopic strings rotating in AdS5. Remarkably, closed strings on the leading
Regge trajectory with large spin S ≫ 1 in the AdS5 have energy
E = S +
√
λ
π
lnS + o(lnS) , (5)
which agrees (up to the functional dependence on λ) with the gauge theory result (2),
once we employ the standard gauge/gravity dictionary
E ↔△, S ↔ n . (6)
Notice that GKP proposal predicts that the strong coupling expansion of f(λ) in (2)
is5
f(λ) =
√
λ
π
+ a˜1 +
a˜2√
λ
+O(
1
λ
) . (7)
2.2 KT gauge theory on S3
We would like to extend GKP analysis to KT cascading gauge theory compactified
on S3. We explain the regime in which this theory is a “small deformation” of the
5The 1-loop string correction a˜1 has been computed in [16].
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Klebanov-Witten (KW) N = 1 superconformal gauge theory [17], and estimate leading
correction to the anomalous dimensions of operators analogous to (1).
Consider N D3-branes at the tip of the singular conifold in type IIB string the-
ory [17]. In the limit of small ’t Hooft coupling6 gsN ≪ 1, the gauge theory on the
world volume of the D-branes is weakly coupled. We find N = 1 supersymmetric
SU(N)× SU(N) gauge theory with two chiral superfields A1, A2 in the (N,N) repre-
sentation, and two fields B1, B2 in the (N,N) representation. Additionally, there is a
superpotential
W ∼ tr (AiBjAkBℓ)ǫikǫjℓ . (8)
The theory has SU(2)×SU(2)×U(1) global symmetry, with the first (second) SU(2)
factor rotating the flavor index of the Ai (Bi), while the “baryon” U(1) acts as
Ai → Aieiα, Bi → Bie−iα. There is also anomaly free U(1)R symmetry under which
Ai, Bj superfields have R-charge
7 1
2
. As argued in [18], this theory flows in the IR to a
superconformal fixed point with the same U(1)R symmetry, and hence exactly marginal
superpotential (8). At the IR fixed point, the theory has two exactly marginal defor-
mations, parameterized by the gauge couplings g1, g2 of the SU(N)× SU(N).
The dual supergravity description of the IR fixed point of the above gauge theory
is represented by the backreaction of the D3-branes on the conifold geometry in the
limit gsN ≫ 1. In this case one finds [17] AdS5× T 1,1 (T 1,1 = (SU(2)× SU(2))/U(1))
background withN units of the five form flux through the T 1,1. The AdS5 factor reflects
the conformal invariance of the dual gauge theory. The string coupling is constant, and
is related to the sum of the two gauge couplings
1
gs
=
4π
g21
+
4π
g22
. (9)
The other modulus, the difference of the gauge couplings, is related to a (constant)
NSNS 2-form flux B2 through the S
2 of the cone base8. Finally, the symmetries of the
T 1,1 coset are realized as global symmetries of the gauge theory.
One can literally repeat the GKP analysis in this case. The energy-spin relation for
the macroscopic rotating strings with S ≫ 1 is still given by (5), while the dual gauge
theory twist two operators are
Oij(µ1···µn) = trAi∇(µ1 · · ·∇µn)|Bj , (10)
6gs is the string coupling.
7We assign R-charge to gauginos to be 1.
8Topologically T 1,1 is S2 × S3.
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with ∇µ ≡ ∂µ + ig1A(1)µ + ig2A(2)µ . It is easy to see that the one-loop perturbative
contribution to the anomalous dimension scales as
△Oijn − (n+ 2) ∼ N(g21 + g22) lnn . (11)
Interestingly, while the perturbative gauge theory computation (11) indicates the de-
pendence on both parameters along exactly marginal deformations g1, g2, the corre-
sponding classical Regge trajectory depends only on the ’t Hooft parameter
λ ≡ gsN = g
2
1g
2
2N
4π(g21 + g
2
2)
. (12)
The obvious reason is that the classical string rotating in AdS5 does not “know” about
the NSNS 2-form flux through the two-cycle of the T 1,1, parameterizing the other
marginal direction ∫
S2
B2 ∼ 1
g21
− 1
g22
. (13)
We expect however, that the dependence on (13) would arise in 1-loop sigma model
correction to the Regge trajectory. It would be very interesting to verify this explicitly
by extending the computation of [16]. The changes in the λ scaling from the weak
to strong coupling regime is familiar from other gauge/gravity computations (like the
coefficient of Wilson loops), or the GKP analysis. The coupling dependence we are
finding here is much more involved and deserves a better understanding. In what
follows, we assume that in the strong coupling regime of the superconformal KW gauge
theory, the anomalous dimension of twist two operators (10) indeed scales as
√
λ, as
predicted by the analysis of the sigma model solitons (5).
In [19] it was shown that adding M fractional D3-branes (D5-branes wrapping the
2-cycle of the conifold) breaks the conformal invariance. The resulting N = 1 super-
symmetric gauge theory has been studied in details in9 [21]. Here, the gauge theory on
the world volume of the branes is SU(N +M)×SU(N) with the same matter content
as in the KW gauge theory: chiral superfields Ai in the (N +M,N) representation,
and chiral superfields Bj in (N +M,N). We also have the same superpotential (8).
The M-deformed theory still has SU(2)× SU(2)× U(1) global symmetry. As argued
in [21], the sum of the gauge couplings (9) still remains the exactly marginal direction,
while the difference of the couplings runs
4π
g22
− 4π
g21
∼M ln(µ/Λ)[3 + 2(1− γ)] , (14)
9For a nice review see [20].
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where γ is the anomalous dimension of operators trAiBj, and Λ is the strong cou-
pling scale. As a result of (14), the M-deformed KW theory undergoes a series of
self-similarity transformations (a cascade [21] of Seiberg dualities [22]) which can be
succinctly characterized as if the rank N (the number of regular D3-branes at the tip
of the conifold) develops an “anomalous dimension”, so that [23]
N → Neff(µ) ∼ gsM2 ln(µ/Λ) . (15)
The support for the interpretation (15) comes from studies of the high temperature
thermodynamics of this gauge theory [23, 24], and the computation of the correlation
functions [25]. The above description of the deformed KW gauge theory is clearly
physically inadequate in the IR, where the effective rank (15) becomes negative. In [21],
Klebanov and Strassler analyzed in details the case when
N = 1, mod M . (16)
They showed that in this case the cascade actually stops before reaching Neff < 0.
The physical reason is rather simple. It turns out, for (16), the gauge theory develops a
mass gap in the IR, so that in the effective low energy description the gauge couplings
stop running (because of the mass gap there are no charged zero modes), and as a
result
Neff(µ) ≡ 1, µ < Λ . (17)
With this physical mechanism of stopping the duality cascade in mind, it is easy to
understand now how to terminate Klebanov-Strassler duality cascade in the IR at the
conformal fixed point. Indeed, consider conformal compactification of the KW gauge
theory on the S3. Such a theory has a mass gap, and as a result its M-deformation
(changing the rank of one of the gauge groups N → N +M) would stop cascading
at energy scale µ0 set by the size of the compactification S
3. Obviously, it is possible
to arrange “initial” value Neff(µ0) = N0 ≫ 1, so that the duality cascade would stop
with SU(N0+M)×SU(N0) gauge theory, which can be made arbitrarily close of being
conformally invariant if M
N0
≪ 1. Notice that according to (15) (see [20] for a more
precise statement for Neff (µ)), there is a window of energy scales
µ0 ≪ µi < µ < µf , (18)
such that
M ≪ gsM2 ln(µ/Λ)≪ N0 . (19)
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Additionally, we can take
ln
µf
Λ
≫ 1 , (20)
provided M
2
N0
is small enough. Physically, we need conditions (18)—(20) so that the
cascading gauge theory is (a) perturbative in the appropriate description along the
Seiberg duality cascade, (b) being probed at scales much shorter than the S3 compact-
ification scale, so that we can use the flat-space renormalization group flow equations,
and (c), though at these energy scales the theory underwent many steps of the Seiberg
duality cascade, it is still a small deformation of the SU(N0)× SU(N0) N = 1 super-
conformal gauge theory. The dual supergravity background to the M-deformed KW
gauge theory in the regime (18)–(20) has been constructed analytically to the leading
order in the deformation in [8].
We now turn to the leading correction to the anomalous dimensions of operators (10)
due to the M-deformation, with constraints (18)–(20). The perturbative computation
(11) would go through with the only change N → Neff(µ). The dual supergravity
computation predicts that at large ’t Hooft coupling λ≫ 1, in the conformally invariant
KW theory the anomalous dimensions of these operators scale as
△Oijn − (n + 2) ∼
√
λ lnn . (21)
Since in the regime (18)–(20) the deformed theory is almost conformally invariant, we
expect that the leading correction to (21) would be due to10
λ→ λeff (µ) ≡ gsNeff (µ) ∼ gsN0
(
1 +
M2
N0
ln
µ
Λ
+M2 o(ln(µ/Λ)) + o(M2)
)
, (22)
thus we expect the leading correction to be
△Oijn − (n+ 2) ∼
√
λ0 lnn +
√
λ0M
2
N0
lnn ln
µ
Λ
, (23)
where λ0 ≡ gsN0. In the next section we compare (23) with the energy of the highly
excited string states on the leading Regge trajectory in the dual supergravity back-
ground [8]. We argue that these string states should be thought of as being dual to
gauge theory operators at energy scales lnµ/Λ ∼ lnn. In this case the subleading cor-
rection to the anomalous dimensions of operators (10) is predicted from (23) to scale
10From the supergravity analysis [8], in the KT gauge theory on the S3 the string coupling is not
constant, but rather gs ≡ gs(µ). The scale dependence is actually very mild and comes with a factor
of M2/N0.
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as M2/N0 ln
2 n. We rather find the leading in M2/N0 correction to the energy of these
string states to scale as M2/N0 ln
3 S, where S is a spin of the state.
We would like to conclude this section with some conjectures about the properties
of operators (10) in the ultraviolet following from the discussion above. Clearly, in the
UV, whether we compactify KT gauge theory or not, should be irrelevant. Since in
the UV (µ → ∞), M/Neff(µ) → 0, it is reasonable to assume that KT gauge theory
approaches conformal fixed point, which has the properties of the standard N = 4
superconformal gauge theory with scale dependent number of colors, determined by
(15). This statement is definitely not new, and is implicit in many studies of the KT
gauge theory. In this case, motivated by (5), we would expect anomalous dimension of
operators (10) to be11
△Oijn − (n+ 2) ∼
√
λeff(µ) lnn ∼ g1/2s M
√
ln
µ
Λ
lnn . (24)
Obviously, it makes sense to talk about anomalous dimension only when√
λeff (µ) lnn≪ n . (25)
Unfortunately, as we explain in details in the following section, the lack of the full
nonlinear solution for the dual supergravity does not allow us to test (24).
3 The supergravity story
In this section we would like to compare (23) with the dual sigma model computation
in the supergravity background [8]. After reviewing the construction of the dual su-
pergravity to the deformed KW gauge theory, we extract the leading Regge trajectory
of closed strings. In the regime dual to (18)-(20) we find subleading correction to the
energy of highly excited string states to differ from that implied by (23). We also
comment on the difficulty studying “very long strings”, which probe the anomalous
dimension of twist two operators (10) far in the ultraviolet, expected to be given by
(24). A related work appeared in [26].
3.1 SUGRA dual to the KT gauge theory on S3
We begin with reviewing the supergravity solution of [8] realizing supergravity dual to
the KT gauge theory compactified on S3.
11Note that in the UV the t’ Hooft coupling is always large, that’s why we should use the sigma
model result (5).
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The deformed 10-d Einstein frame metric takes the form
ds2E =− f−1/21 dX20 + ρf−1/22 (dS3)2 +
dρ2
4ρ(1− ρ)2
+ f
1/2
3 e
2
ψ + f
1/2
4
(
e2θ1 + e
2
φ1
+ e2θ2 + e
2
φ2
)
,
(26)
with
(dS3)2 = dβ21 + cos
2 β1
(
dβ22 + cos
2 β2dφ
2
)
, (27)
and eψ, eθi , eφi are the standard T
1,1 vielbeins (see for example (2.4) of [8]). The p-form
fields are as in the extremal KT solution
F3 =Peψ ∧ (eθ1 ∧ eφ1 − eθ2 ∧ eφ2) , B2 = Pk(ρ) (eθ1 ∧ eφ1 − eθ2 ∧ eφ2) ,
F5 =F + ⋆F , F = K(ρ)eψ ∧ eθ1 ∧ eφ1 ∧ eθ2 ∧ eφ2 , K(ρ) = 4 + 2P 2k(ρ) ,
(28)
where the P = 0 normalization of the five form flux K is such that the background
AdS5 radius is L = 1. Also we take the bare string coupling to be gs = 1. With
this normalization, P is related to the gauge theory parameters M,N0 of the previous
section as follows
P 2 ≡ M
2
N0
. (29)
In (26) the radial coordinate ρ ∈ [0, 1) and the warp factors fi differ by O(P 2) terms
from the AdS5 × T 1,1 geometry12
f1(ρ) =(1− ρ)2 + P 2φ1(ρ), f2(ρ) = (1− ρ)2 + P 2φ2(ρ) ,
f3(ρ) =1 + P
2φ3(ρ), f4(ρ) = 1 + P
2φ4(ρ), Φ(ρ) = P
2φ(ρ) ,
(30)
where Φ is the dilaton13.
The analytical solution for the warp factors φi and k(ρ) to leading order in P
2 was
12The standard AdS5 metric in global coordinates dsAdS = − cosh2 r dX20 + sinh2 r (dS3)2 + dr2 is
obtained with the identification ρ = tanh2 r.
13The complete nonlinear system of differential equations for the warp factors fi(ρ), the dilaton
Φ(ρ) ≡ ln gs(ρ), and the 3-form flux k(ρ) obtained from the type IIB supergravity equations of motion
is given in Appendix.
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found in [8]. Here we reproduce only the IR/UV (ρ→ 0/ρ→ 1−) asymptotics.
k(ρ) =
ρ
2
+
ρ2
4
+O(ρ3), φ(ρ) =
ρ
8
+
ρ2
48
+O(ρ3) ,
φ1(ρ) =
(
15δ − 57
8
+
2
3
π2
)
ρ+
(
13
48
− 5
3
δ − 2
27
π2
)
ρ2 +O(ρ3) ,
φ2(ρ) =
(
35
3
δ − 67
12
+
14
27
π2
)
ρ+
(
−107
120
+ δ +
2
45
π2
)
ρ2 +O(ρ3) ,
φ3(ρ) = 3δ +
(
−31
8
+ 12δ +
1
3
π2
)
ρ+O(ρ2) ,
φ4(ρ) =
(
3δ − 7
4
+
1
6
π2
)
+
(
−25
4
+ 12δ +
7
12
π2
)
ρ+O(ρ2) ,
(31)
as ρ→ 0+ and
k(x) = −1
2
lnx, φ(x) =
(
−1
4
+
1
24
π2
)
− 1
4
x+O(x2 lnx) ,
φ1(x) =
(
1
16
ln2 x− 5
16
ln x
)
x2 +O(x2) ,
φ2(x) =
(
1
16
ln2 x− 5
16
ln x
)
x2 +O(x2) ,
φ3(x) =
(
−1
4
ln x+
1
8
)
+
1
12
x+O(x2) ,
φ4(x) =
(
−1
4
ln x+
1
8
)
− 1
24
x+O(x2) ,
(32)
as x ≡ (1 − ρ) → 0+. In (31) δ (referred to as α1 in (5.21) of [8]) has been computed
numerically14. Clearly we can trust “ultraviolet” asymptotics (32) as long as
P 2 ln2 x≪ 1 , (33)
which is a gravity dual to the gauge theory requirement of staying close to the IR
conformal fixed point (the second inequality in (19)). Notice that the supergravity
constraint (33) appears to be stronger than the corresponding gauge theory statement,
once we identify15
ln
µ
Λ
∼ − ln x . (34)
14From (5.23) and the footnote (22) of [8], δ ≈ 0.0646108.
15This identifications comes from comparing the anomalous dimension of the rank (15) with the
dual supergravity statement of the leading P 2 radial dependence of the 3-form flux: k(x) = − 1
2
lnx.
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A related point (mentioned in [8]), is that the UV asymptotics for φ1, φ2 differ from
the corresponding asymptotics of the extremal KT solution [12]. It is this difference
that will be responsible for the disagreement of the leading Regge trajectory of the
long strings with the gauge theory result (23).
Before we move on to study string solitons in the deformed KT background, we
would like to explain one subtlety16 associated with the leading P 2 solution of [8],
giving rise to asymptotics (31), (32). This (regular) supergravity solution does not
have a free parameter apart from the bare string coupling (which we set equal to one
in the infrared), once P is set, and we choose L = 1. Physically, we expect a one
parameter family of nonsingular KT deformations, represented by
ξ ≡ Λ
µ0
, (35)
where Λ is the strong coupling scale of KT gauge theory, and µ0 is the gauge theory
compactification scale set by the size of the S3. We expect that this parameter appears
as nonlinear effect in P 2 in the “infrared” of the supergravity solution [8]. Presumably
this is due to the fact that, in the infrared, the deformation is about the conformal
background, which is insensitive to a specific value of scale µ0, as long as it is nonzero.
While it is possible to identify a candidate parameter in the “ultraviolet” (where the
supergravity background is a small deformation of the extremal KT geometry [12] ),
to conclusively settle this issue one needs the full nonlinear solution for the deformed
background. Consider the most general regular in the IR (small ρ) solution to (74).
We find17
k(ρ) = δ1 ρ+O(ρ
2) ,
eΦ(ρ) = 1 +
1
4
P 2δ1 ρ+O(ρ
2) ,
f1 = 1− 1
4
δ1
(
P 2 + 32δ1δ
1/2
2
)
ρ+O(ρ2) ,
f2 = 1 +
1
18
(
24
√
2δ
1/2
1 δ
1/4
2 − 128δ21δ1/22 − 5δ1P 2 − 8δ1δ2 − 24
)
ρ+O(ρ2) ,
f3 = δ2 − 1
4
δ1δ2
(
32δ1δ
1/2
2 − 16δ2 + 3P 2
)
ρ+O(ρ2) ,
f4 =
1
2
δ−11 δ
−1/2
2 −
1
8
δ
−1/2
1 δ
−1/2
2
(
8δ
1/2
1 δ2 − 12
√
2δ
1/4
2 + 32δ
3/2
1 δ
1/2
2 + P
2δ
1/2
1
)
ρ+O(ρ2) ,
(36)
16I would like to thank Leo Pando Zayas for raising this issue and a very useful discussion.
17As in [8], we set f1(ρ = 0) = 1. This initial value is related to the freedom of rescaling the time
coordinate, and is also present in KT background [12].
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where δ1, δ2 are free parameters. Matching (36) with (31), necessary to reproduce the
leading KT asymptotics in the UV, gives
δ1 =
1
2
+
(
7
8
− 9
4
δ − 1
12
π2
)
P 2 +O(P 4) ,
δ2 = 1 + 3δP
2 +O(P 4) .
(37)
Indeed, both parameters are fixed at order P 2. As we show now, small deformation
of the extremal KT solution in the UV has a single free parameter. To study UV
asymptotics (ρ → 1−) of (74), it is convenient to use the 3-form flux function k(ρ)
as a new radial coordinate r ≡ k(ρ). The UV asymptotics are then simply r → ∞.
Rewriting (74) for the new radial coordinate, we find the following asymptotics as
r →∞
gs = g0
(
1 + e−2r/g0G(r) +O(e−4r/g0)) ,
f1 = γ
(
1 +
1
2
P 2r +
1
8
P 2g0
)
e−4r/g0
(
1 + e−2r/g0F1(r) +O(e−4r/g0)
)
,
ρ−2f2 = γ
(
1 +
1
2
P 2r +
1
8
P 2g0
)
e−4r/g0
(
1 + e−2r/g0rF2(r) +O(e−4r/g0)
)
,
f3 =
(
1 +
1
2
P 2r +
1
8
P 2g0
)(
1 + e−2r/g0F3(r) +O(e−4r/g0)
)
,
f4 =
(
1 +
1
2
P 2r +
1
8
P 2g0
)(
1 + e−2r/g0F4(r) +O(e−4r/g0)
)
,
(38)
and (compare with (26))
(dρ)2
4ρ(1− ρ)2 ≡ Grr(dr)
2 , (39)
with
G(r) = −1
4
P 2g0γ
1/2 ,
F1(r) = 1
36
P 2g0γ
1/2 120P
2r + 23P 2g0 + 240
4P 2r + P 2g0 + 8
,
F2(r) = P 2γ1/2 + 1
12
γ1/2
(
13P 2g0 + 24
)
r−1 +O(r−2) ,
F3(r) = F1(r)− 3
4
P 2g0γ
1/2 ,
F4(r) = F1(r)− 7
8
P 2g0γ
1/2 ,
(40)
where γ is the parameter we conjecture is related to ξ in (35), and g0 is the asymptotic
value of the string coupling. In (40) all functions except F2 have been determined
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analytically. The function F2 is given by
F2(r) = 8γ
1/2e2r/g0
9g0r
(
α +
∫ 1/r
dx
{
e−2/(g0x)(P 2 + 2x)
x3 (x(P 2g0 + 8) + 4P 2)
2
× (x2(11P 4g20 + 78P 2g0 + 144) + 3P 2x(13P 2g0 + 48) + 36P 4)
})
,
(41)
with the integration constant α determined from the regularity requirement as r →∞,
(40). We could not evaluate (41) in elementary functions. Finally,
Grr = g
−4
0
(
1 +
1
2
P 2r +
1
8
P 2g0
)(
1 + e−2r/g0grr(r) +O(e
−4r/g0)
)
, (42)
with
grr =
γ1/2
36
144P 4r2 + 12P 2(48 + 19P 2g0)r + 41P
4g20 + 456P
2g0 + 576
4P 2r + P 2g0 + 8
. (43)
Curiously, even though gs approaches constant both in the IR and in the UV, these
constants are not the same: from (31), (32) we find
ln g0 =
(
−1
4
+
1
24
π2
)
P 2 +O(P 4) . (44)
3.2 Rotating string in deformed KT geometry
We now discuss classical string solutions in the background geometry (26).
We take sigma model action in the conformal gauge18
S =
1
4πα′
∫
d2σGij∂αX
i∂αXj . (45)
This action is supplemented by the constraints
Gij
(
∂τX
i∂τX
j + ∂σX
i∂σX
j
)
= 0 ,
Gij∂τX
i∂σX
j = 0 .
(46)
Consider a closed string rotating in the (ρ, φ) plane in the deformed KT background
(26)
ρ = ρ(σ), φ = ωτ, X0 = kτ ,
βi = 0, θi = 0, φi = 0, ψ = 0 ,
(47)
18Note that Gij is the string frame metric.
14
for constants (k, ω). Equations of motion and the constraints are satisfied provided
0 = ∂σ (Gρρ∂σρ)− 1
2
∂ρ (Gρρ) (∂σρ)
2 +
1
2
∂ρ
(
Gφφω
2 −GX0X0k2
)
,
0 = Gρρ(∂σρ)
2 +
(
Gφφω
2 −GX0X0k2
)
,
(48)
where
GX0X0 = e
Φ/2 f
−1/2
1 ,
Gφφ = e
Φ/2 ρf
−1/2
2 ,
Gρρ = e
Φ/2 1
4ρ(1− ρ)2 .
(49)
The space-time energy is given by
E =
k
2πα′
∫ 2π
0
dσ GX0X0 , (50)
and the spin is
S =
ω
2πα′
∫ 2π
0
dσ Gφφ . (51)
We consider the simplest “one-fold” string configuration where the interval 0 ≤ σ < 2π
is split into 4 segments: for 0 < σ < π/2 the function ρ(σ) increases from 0 to its
maximum value ρ0 such that
19 (ρ′(π/2) = 0)
0 = Gφφ(ρ0)ω
2 −GX0X0(ρ0)k2 , (52)
then for π/2 < σ < π decreases to zero, etc. The periodicity of σ implies additional
condition on the parameters
2π =
∫ 2π
0
dσ = 4
∫ ρ0
0
dρ
√
Gρρ
k2GX0X0 − ω2Gφφ
. (53)
In what follows we introduce
ω2
k2
= 1 + η . (54)
3.2.1 Short strings
A short string limit corresponds to
η ≫ 1 . (55)
19Primes denote derivatives with respect to σ.
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From (52) we find
ρ0 ≈ 1
η
≪ 1 . (56)
In this case the rotating string is hardly stretched, so we can replace the complicated
deformed KT geometry (26) with almost flat space. We expect the leading Regge
trajectory to be a small deformation of that in flat space. Indeed, a somewhat tedious
but straightforward computation gives
2πα′E =
1
η1/2
2F1
(
−1
2
,
1
2
, 1,−1
η
)
− |P |
η
(
20
3
δ − 37
12
+
8
27
π2
)1/2(
1 +
1
η
(
44δ − 831/40 + 88π2/45
40δ − 37/2 + 16π2/9
)
+O
(
1
η2
))
− πP
2
η3/2
(
5
18
π2 − 3 + 25
4
δ
)(
1 +
1
η
(
22π2/9− 267/10 + 55δ
16π2/9− 96/5 + 40δ
)
+O
(
1
η2
))
+O
(
P 3
)
,
(57)
for the energy, and
2πα′S =
√
1 + η
2η3/2
2F1
(
1
2
,
3
2
, 2,−1
η
)
− |P |
η3/2
(
20
3
δ − 37
12
+
8
27
π2
)1/2(
1 +
1
η
(
24δ − 461/40 + 16π2/15
40δ − 37/2 + 16π2/9
)
+O
(
1
η2
))
− πP
2
η2
(
5
24
π2 − 9
4
+
75
16
δ
)(
1 +
1
η
(
86π2/45− 1047/50 + 43δ
8π2/5− 432/25 + 36δ
)
+O
(
1
η2
))
+O
(
P 3
)
,
(58)
for the spin. Furthermore, we find
E2
2α′S
=
(
1 +O
(
1
η
))
+
|P |
η3/2
(
α1 +O
(
1
η
))
+
P 2
η2
(
α2 +O
(
1
η
))
, (59)
where αi are some constants easily computable from (57),(58). As in [3], reintroduc-
ing the scale L, (59) reproduces the standard operator-state correspondence of the
AdS/CFT duality.
3.2.2 Long strings
The long strings correspond to
η ≪ 1 . (60)
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Here a priori we have to consider two cases
P 2(ln η)2 ≪ 1 , (61)
which corresponds to the small deformation of the conformal infrared fixed point, or
P 2(ln η)2 ≫ 1 , (62)
for the “very long strings” corresponding to the UV of the KT gauge theory. It is the
first regime, (61) that is of most interest. Using the asymptotics (32), from (52) we
find
ρ0 ≈ 1
1 + η
+O(P 4) . (63)
From (50), (51) we find
2πα′ (E − S) = 2
∫ ρ0
0
dρ
(1− (1 + η)1/2ρ)
ρ1/2(1− ρ)3/2(1− (1 + η)ρ)1/2
(
1− P
2
64
ln2(1− ρ) + · · ·
)
(64)
where · · · denotes subleading in P 2 correction to the one indicated. Notice that in
the limit η → 0 (we still have to satisfy (61)!) the integral diverges. The divergence
comes solely from the upper limit, and thus justifies the use of (32). We interpret
this “localization” of the divergence as the statement that the stretched rotating string
“probes” anomalous dimension of the dual gauge theory operators at energy scale dual
to its radial extent. Using gauge/gravity renormalization group relation (34) this scale
is
ln
µ
Λ
∼ − ln(1− ρ0) ∼ − ln η . (65)
Carefully extracting the divergent as η → 0 part of (64) we find
2π(ǫ− s) ≡ 2πα′(E − S) = (−2 ln η + o (ln η)) + P 2
(
1
96
(ln η)3 + o
(
(ln η)3
))
. (66)
We also need to relate η and s. From (51),
2πs ≡ 2πα′S =
(
4
η
+ ln η +O(η ln η)
)
− P
2
16η
(
(ln η)2 +O(ln η)
)
+O(P 3) , (67)
so that
η =
2
πs
(
1− ln s
2πs
+ · · ·
)(
1− P 2
{
(ln s)2
64
+ · · ·
})
, (68)
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where again we kept only the leading terms. With (68), we arrive at our final expression
for the energy of closed string states on the leading Regge trajectory in the deformed
KT geometry
ǫ− s =
(
1
π
ln
sπ
2
+O
(
ln s
s
))
+
P 2
2π
((
ln
sπ
2
)3
+O
(
(ln s)2
))
. (69)
Two comments are in order. First, (69) does not reproduce the leading correction to
the anomalous dimension of operators (10) at energy scales specified in (18)-(20): with
the standard gauge/gravity dictionary (6) the agreement would imply
ǫ− s =
(
1
π
ln
sπ
2
+O
(
ln s
s
))
+
P 2
2π
(
A (ln s)2 +O
(
(ln s)2
))
, (70)
for some constant A. This is rather puzzling, as the twist two operators (10) are
the natural candidate dual, motivated by the translation of the GKP analysis to the
deformed KW conformal gauge theory. Second, we would have found the agreement
for the leading P 2 scaling, had the UV asymptotics of the deformed KT geometry
(32) contained single logarithms, rather than ln2 x. As claimed in [8], it is the single
logarithm asymptotics for φ1 and φ2 of (32), that is required for the precise agreement
with the UV of the extremal KT geometry. In (32) we extended the asymptotic analysis
of [8] and confirmed the x2 ln2 x leading asymptotic. We did not manage to find a
different from [8] regular deformation of the KW background by the 3-form fluxes of
the KT type.
3.2.3 Very long strings
In the previous section, using only asymptotic linear in P 2 geometry of the deformed
KT background we determined the leading Regge trajectory of the long strings (61).
The question we would like to address here is whether using the far ultraviolet asymp-
totics of the deformed KT geometry (38)–(43), we can still identify very long rotating
strings, (62), with operators (10) in the far ultraviolet. The latter are expected to have
anomalous dimensions given by (24).
Unfortunately, we can not do so in a computationally controllable way. The main
difficulty stems from the fact that while the energy/spin of the rotating string in case
(61) was dominated by the contribution from the “stretched end” (so that the use
of (32) for the background geometry was indeed justified), in case (62) we find en-
ergy/spin to be very sensitive to the infrared region of the geometry. Furthermore,
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while the infrared geometry is completely regular for the asymptotics (32), it is un-
physical (singular) for (38).
To give some more details let’s compare the expression for the energy of the “long”
(61), and the “very long” (62) string. To illustrate the point, in the case of long strings
it is sufficient to set P = 0. The gravity background is then simply AdS5, and the
energy (50) of a rotating string (we use ρ as a radial coordinate ) is
2πα′Elong = 2
∫ ρ0=1/(1+η)
0
dρ
ρ1/2(1− ρ)3/2(1− (1 + η)ρ)1/2 . (71)
Indeed, as η → 0 the integral (71) is dominated at the upper bound, and diverges as
η−1. In other words, in this case the main contribution does come from the ends of the
folded stretched string. As the latter stretches almost to the boundary of the global
AdS5, we are justified to use asymptotics (32) for the P
2 deformation. Note also that
these leading UV asymptotics are regular for small ρ (we have to set x→ 1− in (32)),
thus the contribution from the lower bound in (71) is still small.
Consider now the energy of the very long string. Here, using the asymptotics (38)
and keeping the leading terms in the integrand we find
2πα′Every long ≈ 4
√
2g
1/2
0 γ
−1/4
∫ r0/g0
rir/g0
dt
et
(g0P 2γ1/2 te−2t − 2η)1/2
, (72)
where we had to introduce the infrared cutoff rir to make sense of (72), also
1
2
r0e
−2r0/g0P 2γ1/2 ≡ η . (73)
Notice that unlike (71), the integral (72) crucially depends on the infrared cutoff rir.
It is possible that the problems with the long strings are due to a bad choice of radial
coordinate. Recall that here we used the 3-form flux dependence k(ρ) as a radial
coordinate of the deformed KT geometry. It is also possible that these very long strings
are unsuitable probes for the operators (10) in the far UV. This is an interesting open
question to pursue further.
4 Summary
In this paper we discussed the gauge/string correspondence when gauge theory is for-
mulated in curved space. We argued that in an appropriate regime, the cascading
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gauge theory on the world-volume of regular and fractional D3-branes is a small defor-
mation about the infrared conformal fixed point. Following the GKP prescription we
attempted to reproduce the anomalous dimension of certain twist two operators from
the dual nonlinear sigma model computation in the supergravity background of [8].
We did not succeed in doing this.
We will now summarize the main steps of the gauge/string correspondence studied
in this paper.
We assumed the validity of the GKP identification of N = 4 SU(N) supersymmetric
Yang-Mills theory operators (1) with the long strings spinning in AdS5. The leading
Regge trajectory of these highly excited string states then provides a prediction for the
anomalous dimensions of twist two operators (1) at large ’t Hooft coupling.
It follows then that the GKP proposal would go through for the Klebanov-Witten
N = 1 SU(N) × SU(N) superconformal gauge theory [17], with twist two operators
now being (10). This is intuitively clear once we recall that the KW gauge theory is an
infrared fixed point of the Z2 orbifold of the N = 4 gauge theory, deformed by the mass
term for the adjoint chiral superfields in the N = 2 vector multiplets. By (literally)
repeating GKP analysis, we then have a prediction for the anomalous dimension of
operators (10) at large ’t Hooft coupling.
Next, we considered deformation of the KW gauge theory, when one of the ranks of
the two gauge groups is shifted N → N +M . We assumed that the resulting gauge
theory would still be almost conformally invariant if M/N ≪ 1. As shown in [21],
while classically we can think of N and M as being some constants, this is inconsistent
quantum mechanically: the deformation N → N+M breaks conformal invariance, and
under the renormalization group flow this theory very fast becomes strongly coupled.
The proper (perturbative) quantum-mechanical description of this deformed theory is
in terms of “cascading” gauge theory SU(N(µ))× SU(N(µ) +M) where the rank N
becomes scale dependent. In the ultraviolet, the cascade goes forever as N(µ)→∞ as
µ/Λ → ∞, while in the infrared it stops dynamically with N(µ/Λ → 0) < M . Thus
in the original KT model, the cascading gauge theory is far from being conformally
invariant in the infrared. While, it is tempting to say that KT gauge theory is almost
“conformal” in the ultraviolet because M/N(µ)→ 0, the precise meaning of this state-
ment is not clear.
A way to terminate the duality cascade in the IR with a conformal gauge theory
was proposed in [8]. The idea is simply to conformally compactify KW gauge theory,
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and then deform it by the shift N → N +M . While there is still the Seiberg duality
cascade (induced by the RG flow) in this compactified gauge theory, which still con-
tinues forever in the UV, the termination of the cascade in the IR is rather different:
because of the kinematic mass gap in the theory (due to the compactification) the RG
flow stops below the scale of the lightest charged states, in turn stopping the duality
cascade. We called this energy scale µ0.
We then explained the constraints on the parameters of the model, namely N0 ≡
N(µ0), M , and the range of energy scales such that the deformed cascading gauge the-
ory is close to the superconformal N = 1 SU(N0)×SU(N0) gauge theory. First, since
the cascading KT gauge theory always has gauge group ranks differing by the multiple
of M , we should choose N0 ≫ M . Second, in order to use the flat-space cascading
picture of Klebanov and Strassler, [21], we should be able to study the theory at energy
scales µ much higher than the compactification scale µ ≫ µ0. One the other hand,
the energy scales of interest should not be too high, if we still want this cascading
theory to be close to the infrared superconformal theory: N(µ)−N0 ≪ N0. From the
gauge theory perspective all these conditions are mutually compatible for small enough
M2/N0, and the appropriate range of energy scales.
Accepting above steps, it is natural to assume (and we did this in a paper) that the
dominant correction to the anomalous dimension of operators (10) for large ’t Hooft
coupling λ = gsN0 ≫ 1 due to the deformation N0 → N0 +M for one of the gauge
groups rank, would come from simply replacing
√
λ0 in the (dual gravitational) expres-
sion for the leading Regge trajectory of closed string in AdS5 with
√
λeff(µ), properly
accounting for the Seiberg duality cascade in the theory.
We proposed to test the latter prediction by studying closed stings spinning in
the supergravity background [8]. This background was constructed as a leading (in
P 2 ≡ M2/N0) regular deformation of the global AdS5 × T 1,1 geometry (dual to the
superconformal SU(N0) × SU(N0)) gauge theory by turning on certain 3-form fluxes
on T 1,1, dual to the gauge theory shift deformation N0 → N0 +M .
As in the AdS5 space-time, we found that the closed string states on the lead-
ing Regge trajectory with very high spin, were realized by strings stretched almost
to the boundary of the (P 2 deformed) global AdS5. Dominant contribution for the
energy/spin of such states was coming from the region close to the boundary. We
proposed to identify these stretched strings as gravity dual to operators (10), probed
at energy scales dual to the radial extent of these stretched stings. This energy scale
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was determined unambiguously by identifying the radial dependence of the 3-form flux
in the dual supergravity with the gauge theory equation for the scale dependence of
the effective rank of the cascading gauge theory N(µ).
We found different order P 2 correction to the Regge trajectory of long strings in
the background [8], compare with the M2/N0 corrected anomalous dimension of KW
operators (10). We traced the difference to the fact that the asymptotics of the (linear
in P 2) supergravity solution of [8] does not reproduce precisely the asymptotics of the
extremal Klebanov-Tseytlin background [12].
We did not find a physically satisfactory explanation for the discrepancy between
the long strings Regge trajectory in the background [8] and the (supposedly gauge
theory dual) anomalous dimension of operators (10). One possibility is that there is a
different from [8] deformation of the KW supergravity background (i.e. AdS5 × T 1,1),
also regular in the limit of vanishing 3-form flux. We searched for such solution, still
within the ansatz of only radial deformation as in [8], and did not find one. Another
possible explanation is related to the subtlety of the background [8], discussed in section
3. The point is that the leading P 2 deformation of [8] does not contain parameter µ0.
It is thus not clear whether the gauge theory requirement µ≫ µ0 is actually satisfied
before P 2 ln2 x in Eq. (32) becomes much larger then one, invalidating the use of
these asymptotics for the study of long spinning strings relevant to operators (10) with
anomalous dimensions given by (23). To resolve the latter issue it is necessary either to
construct the next order correction in P 2 to the background [8] (to see the appearance
of µ0, and verify that P
2 ln2 µ0 ≪ 1 is indeed possible to arrange), or to understand
the renormalization group flow of the compactified cascading gauge theory at energy
scales µ ∼ µ0. We hope to report on this in the future.
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Appendix
Type IIB supergravity equations of motion for the background (26), (28) reduce to the
following system
0 =
(
(k′)4f3 ρ
8(1− ρ)4
f1f 32 g
4
s
)′
− 2(k
′)3f
1/2
3 (2 + P
2k) ρ7(1− ρ)2
f1f 32 f4 g
3
s
,
0 =
(
(g′s)
4f3f
4
4 ρ
8(1− ρ)4
f1f 32 g
4
s
)′
+
P 2(g′s)
3f 34 ρ
7(1− ρ)2
f1f 32 g
4
s
(
4(k′)2f3 ρ(1 − ρ)2 − f 1/23 g2s
)
,
0 =
(
(f ′4)
4f3 ρ
8(1− ρ)4
f1f 32
)′
+
(f ′4)
3 ρ7(1− ρ)2
f1f 32 f4 gs
(
4gsf
1/2
3
(
2 + P 2k
)2
+ P 2g2sf
1/2
3 f4
+ 4P 2 (k′)
2
f3f4 ρ(1− ρ)2 − 8gsf3f4
(
3f
1/2
4 − f 1/23
))
,
0 =
(
(f ′3)
4f 44 ρ
8(1− ρ)4
f1f
3
2 f
3
3
)′
+
(f ′3)
3f 24 ρ
7(1− ρ)2
f1f 32 f
5/2
3 gs
(
4gs
(
2 + P 2k
)2
+ gsf4
(
3P 2gs − 16f3
)− 4P 2 (k′)2 f 1/23 f4 ρ(1− ρ)2
)
,
0 =
(
(f ′1)
4f3f
4
4 ρ
8(1− ρ)4
f 51 f
3
2
)′
+
(f ′1)
3f 24 ρ
7(1− ρ)2
f 41 f
3
2 gs
(
4gsf
1/2
3 (2 + P
2k)2
+ P 2g2sf
1/2
3 f4 + 4P
2 (k′)
2
f3f4 ρ(1− ρ)2
)
,
0 =
(
(f ′2)
4f3f
4
4 ρ
14(1− ρ)4
f1f
7
2
)′
−
2(f ′2)
3
(
f3f44
f1
)′
ρ13(1− ρ)4
f 62
+
(f ′2)
3f 24 ρ
12(1− ρ)2
f1f
13/2
2 gs
(
4P 2 (k′)
2
f
1/2
2 f3f4 ρ
2(1− ρ)2 + 4gsf 1/22 f 1/23
(
2 + P 2k
)2
ρ
+ gsf4
(
P 2gsf
1/2
2 f
1/2
3 ρ+ 8f
1/2
2 f3f4 (2r − 1) (1− ρ) + 8f2f3f4
))
,
(74)
where primes denote derivatives with respect to ρ. There is also a first order constraint
(consistent with (74)) coming from gauge fixing the radial coordinate in (26).
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